We prove that quadruples of a set of n points in general position in the plane always induce a family of 2n=9] disjoint empty convex quadrangles.
Introduction
Recently, the study of convex polygons has been gained a renewed interest because of their importance in computer graphics, geometric learning theory, and arti cial intelligence, for instance. Surprisingly, many simple questions are unanswered in this eld. Let's start with a beautiful example. We say that a set of points in the plane is in general position if no three of the points lie on a line. Decades ago, Erd} os, Klein, and Szekeres posed the problem of 2 Attila Guly as and L aszl o Szab o determining the maximum number f(k) of points in general position in the plane so that no k points form the vertex set of a convex polygon. Erd} os and Szekeres 3] proved that 2 k?2 f(k) 2k ? 4 k ? 2 ; and conjectured that f(k) is equal to the lower bound. Surprisingly, this conjecture has been veri ed only for k = 3; 4; 5. Recently, the upper bound has slightly been improved by many authors, see 2, 6, 7] . The current record, due to T oth and Valtr 7] , is f(k) 2k ? 5 k ? 2 + 1:
Later, Erd} os also posed the problem of determining the maximum number g(k) of points in general position in the plane so that no k points form a vertex set of an empty convex polygon, i.e., a convex polygon whose interior is disjoint from the point set. It is easy to see that g(3) = 2 and g(4) = 4. Harborth 4] proved that g(5) = 9, and Horton 5] showed that g(k) is in nite for k 7 . It is a challenging open problem to decide whether g (6) is nite.
Let g k (n) denote the minimum number of empty convex k-gons induced by the k-tuples of a set of n points in general position in the plane. B ar any and F uredi 1] proved that g 3 (n) n 2 ? O(n log n), g 4 (n) 1 4 n 2 ? O(n), and g 5 (n) n=10]. We note that the last bound can easily be improved to g 5 (n) (n ? 4)=6]. On the other hand, Valtr 8] showed that g 3 (n) 1:8n 2 , g 4 (n) 2:42n 2 , and g 5 (n) 1:46n 2 . It is obvious that the k-tuples of a set of n points in general position in the plane always induce a family of n=(g(k) + 1)] disjoint empty convex k-gons, and this bound is tight for k = 3. In this paper we consider the case k = 4 and we prove Theorem 1. The quadruples of a set of n points in general position in the plane always induce a family of 2n=9] disjoint empty convex quadrangles.
We also show that the bound 2n=9] cannot be improved for n 21.
Proof of Theorem 1
First we prove that any set P of nine points in general position in the plane contains two disjoint empty convex quadrangles. (see Figure 1 ). Thus we have proved that any set P of nine points in general position in the plane contains two disjoint empty convex quadrangles.
The proof of Theorem 1 will be done by induction on n. We know that the assertion is true for n 9. Let n 10 and consider a set P of n points Disjoint empty convex polygons in planar point sets 9 in general position. It is obvious that there exists a line which cuts P into two disjoint set P 1 and P 2 of 9 and n ? 9 points, respectively. Then, by the induction hypothesis, P 1 contains two disjoint empty convex quadrangles and P 2 contains 2(n?9)=9] = 2n=9]?2 disjoint empty convex quadrangles. Thus P contains 2n=9] disjoint empty convex quadrangles.
Constructions
It is easy to nd a set of eight points in general position in the plane which does not contain two disjoint empty convex quadrangles. Indeed, if p 1 ; p 2 ; p 3 ; p 4 are the vertices of a square in a counterclockwise order and q i is an interior point of p 1 p 2 p 3 p 4 su ciently close to the midpoint of p i p i+1 , 1 i 4, then fp 1 ; p 2 ; p 3 ; p 4 ; q 1 ; q 2 ; q 3 ; q 4 g is just such a point set.
Next we show that, for each m 3, there exists a set of n = 4m + 1 points in general position which does not contain m disjoint empty convex quadrangles.
Let p 1 ; p 2 ; : : : ; p 2m be the vertices of a regular 2m-gon C in a counterclockwise order and let q i is an interior point of C su ciently close to the midpoint of p i p i+1 , 1 i 2m. Furthermore, let r be a point su ciently close to the centre of C so that P = fp 1 ; : : : ; p 2m ; q 1 ; : : : ; q 2m ; rg is in general position. Suppose, for contradiction, that P contains m disjoint empty convex quadrangles Q 1 ; Q 2 ; : : : ; Q m .
Let p i 1 and p i 2 two vertices of C so that they belong to Q i for some 1 i m and the number l of vertices of C on the shorter arc of C bounded by p i 1 and p i 2 is as small as possible. Now, a very simple counting argument shows that l 4. Thus, without loss of generality we may assume that i 1 = 1 and i 2 2 f2; 3; 4g. If i 2 = 2, then q 1 cannot be a vertex of a quadrangle. If i 2 = 3, then p 2 cannot be a vertex of a quadrangle. Finally, if i 2 = 4, then p 2 or p 3 cannot be a vertex of a quadrangle. Next, let p j 1 and p j 2 two vertices of the longer arc of C bounded by p i 1 and p i 2 so that they belong to Q j for some 1 j m and the number l 0 of vertices of C on the arc of C bounded by p j 1 and p j 2 is as small as possible. Again, a very simple counting argument shows that l 0 4 and, similarly as before, we can nd a point of P di erent from q 1 ; p 2 ; p 3 which cannot be a vertex of a quadrangle. Thus P necessarily contains two points which are not vertices of the quadrangles Q 1 ; Q 2 ; : : : ; Q 2m , a contradiction.
Note that the above constructions show that the bound in Theorem 1 is tight for n 21.
